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Abstract
We call a latin square A = (ai j ) of order n, ai j ∈ {1, 2, . . . , n}, right-diagonal-complete if
{(ai j , ai+1, j+1) : 1 ≤ i, j ≤ n} = {(i, j) : 1 ≤ i, j ≤ n} where the indices are periodic
mod n. Left-diagonal-completeness is defined similarly. A latin square is called diagonal-complete
if it is right- and left-diagonal-complete. It is shown that diagonal-complete latin squares of order
n = 4m always exist; for n = 4m + 2 no diagonal-complete-latin squares based on a group exist.
For n ∈ {21, 25, 27, 49, 81} we found diagonal-complete latin squares by computer search. This
search also showed that for n = 9 there exist right-diagonal-complete latin squares but no diagonal-
complete latin squares based on a group. For n ∈ {2, 3, 5, 6, 7}, there is no latin square which is
right-diagonal-complete or left-diagonal-complete.
© 2003 Elsevier Science Ltd. All rights reserved.
1. Introduction
Orthogonality and completeness are two of the main concepts studied in the theory of
latin squares. Although there are some similarities as regards constructions, the related
structures are quite different. The aim of this paper is to discuss a combination of these
concepts by slightly modifying the definition of completeness. To be more concrete let us
first recall the underlying definitions: a latin square of order n is an n×n-matrix A = (ai j )
where ai j ∈ N = {1, 2, . . . , n}, 1 ≤ i, j ≤ n, and each row and column of A contains
each number i , 1 ≤ i ≤ n, exactly once. A latin square A = (ai j ) is row-complete, if
{(ai j , ai, j+1) : 1 ≤ i ≤ n, 1 ≤ j ≤ n − 1} = {(i, j) : 1 ≤ i, j ≤ n, i 
= j}
and column-complete, if
{(ai j , ai+1, j ) : 1 ≤ i ≤ n − 1, 1 ≤ j ≤ n} = {(i, j) : 1 ≤ i, j ≤ n, i 
= j}.
A is called complete, if it is row- and column-complete.
A modification of this concept which takes care also of the pairs (i, i), 1 ≤ i ≤ n, and
which is consistent with the latin square structure is the following:
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We call a latin square A = (ai j ) right-diagonal-complete, abbreviated to ∆r -complete,
if
{(ai j , ai+1, j+1) : 1 ≤ i, j ≤ n} = {(i, j) : 1 ≤ i, j ≤ n}.
Similarly, A = (ai j ) is called left-diagonal-complete, abbreviated to ∆- complete, if
{(ai j , ai+1, j−1) : 1 ≤ i, j ≤ n} = {(i, j) : 1 ≤ i, j ≤ n}.
Here the indices are periodic mod n. A latin square which is ∆r - and ∆-complete is
called diagonal-complete, abbreviated to ∆-complete.
A concept closely related to completeness and ∆-completeness, but without the latin
square structure, has been introduced by Knuth [4]. He calls an n × n-matrix (ai j ) a
balanced neighbourhood square, if
{(ai j , ai+δ, j+) : 1 ≤ i, j ≤ n} = {(i, j) : 1 ≤ i, j ≤ n}
for all eight nonzero choices of (δ, ) in {−1, 0, 1}2; subscripts are periodic mod n. Note
that in all of these cases each pair must occur exactly once.
It is relatively simple to check that for n ∈ {2, 3, 5} no∆- or∆r -complete latin square
exists. (A computer search resulted also in the nonexistence when n = 7.) For n = 4
A =


1 2 3 4
2 1 4 3
4 3 2 1
3 4 1 2


is ∆-complete.
Recalling that two latin squares (ai j ) and (bi j ) of the same order n are orthogonal, if
{(ai j , bi j ) : 1 ≤ i, j ≤ n} = {(i, j) : 1 ≤ i, j ≤ n},
one immediately sees that A = (ai j ) is ∆r -complete if and only if A and A++ =
(ai+1, j+1) are orthogonal. Likewise, A and A−− = (ai−1, j−1) are orthogonal. If A is
∆-complete, then it has A+− = (ai+1, j−1) and A−+ = (ai−1, j+1) as orthogonal mates.
These four latin squares are all different: assume, e.g. that A++ and A−− just agree
at positions (i, j) and (i + 1, j + 1) for some i, j ∈ N . Then one has (ai−1, j−1, ai j ) =
(ai+1, j+1, ai+2, j+2), contradicting the assumption that A is∆r -complete. In a similar way
one can show that, for instance, A++ and A+− are not orthogonal. We could, however,
not show that A++ and A−− are necessarily not orthogonal. There are of course many
other problems which have to remain open when introducing a new concept such as the
role of transversals or invariance properties w.r.t. isotopisms or the extremely difficult
question concerning general results on nonexistence. As regards the last item, it is at least
obvious that for n = 6 no ∆- or ∆r -complete latin square exists, since there is no pair of
orthogonal latin squares of that order.
Nevertheless, by generalizing the example above (n = 4), the close connection to
orthogonality and the help of a computer led to some positive results. Almost all of them
are restricted to latin squares based on a group. Thus in Section 2 we will show that there
exist ∆-complete latin squares of order n = 4m and that no ∆- or ∆r -complete latin
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squares of order n = 4m +2 based on a group can exist. In Section 3 we will present some
particular results for the case that n is odd.
2. ∆-Complete latin squares of even order
It has been shown by Mann [5, Theorem 3] that, if n = 4m + 2, no pair of orthogonal
latin squares of order n based on the same group G exists. A modification of his approach
will show that a similar result can be obtained as regards the existence of∆-complete latin
squares.
A latin square A is said to be based on a group, if its rows, considered as permutations,
form a group. More precisely, a latin square A = (ai j ) ∈ Nn×n is based on a group if and
only if there is a subgroup G = {π1, π2, . . . , πn} of the symmetric group Sn such that
ai j = πσ(i)( j), 1 ≤ i, j ≤ n,
for a permutation σ ∈ Sn . In this case we will say that A is based on G.
The reader might wonder why the permutation σ is mentioned in the definition, since
it would be possible to reorder the elements of G first. The reason is the following: if a
latin square A is based on a group G, then G is necessarily a regular subgroup of Sn ,
that is a subgroup of order n in which only the identity has a fixed point. Such a group
has a natural ordering of its elements (which we are going to use always) with πi being
the unique element of G satisfying πi (1) = i for i = 1, . . . , n. Hence, with the notation
of the definition, [σ(1), . . . , σ (n)]T is just the first column of A. Conversely, any regular
subgroup G of Sn and any σ ∈ Sn define a unique latin square A, which can very concisely
be given by listing generators of G and the permutation σ . In contrast to the approach by
Mann we admit that an orthogonal mate of A does not have to be based on a group.
Lemma. If A is a latin square based on a group G which has an orthogonal mate, then
G possesses a complete mapping, that is a bijection ϑ : G → G such that the mapping
η : G → G, g → g ϑ(g) is also a bijection.
Proof. Let B = (bi j ) be orthogonal to A = (ai j ) = (πσ(i)( j)), where G =
{π1, π2, . . . , πn} ≤ Sn with πi (1) = i for 1 ≤ i ≤ n and σ ∈ Sn as above. Let b11 = x .
Since B is a latin square, x appears exactly once in each row and column of B; that is there
is a permutation τ ∈ Sn with bi,τ (i) = x , 1 ≤ i ≤ n. Since A is orthogonal to B , the
elements a1,τ (1), . . . , an,τ (n) must all be different. Hence  : i → ai,τ (i) is a permutation
in Sn . We have
π(i)(1) = (i) = ai,τ (i) = πσ(i)(τ (i)) = πσ(i)(πτ(i)(1)) = (πσ(i)πτ(i))(1),
hence
π(i) = πσ(i)πτ(i).
If we now define ϑ : G → G by ϑ(πi ) = πτσ−1(i), then, obviously, ϑ is bijective. Also
η : πi → πi ϑ(πi ) = πiπτσ−1(i) = πσ−1(i)
defines a bijection G → G. 
232 O. Krafft et al. / European Journal of Combinatorics 24 (2003) 229–237
Corollary. Let A be a latin square based on a group of order n = 4m + 2 with m ∈ N.
Then
(a) there is no latin square orthogonal to A,
(b) A is not∆- or∆r -complete.
Proof. Since a group of order 4m + 2 has no complete mapping, cf. De´nes and Keedwell
[1, p. 37], assertion (a) follows from the lemma. As has been remarked in Section 1, any
∆- or∆r -complete latin square has an orthogonal mate. Thus (b) is implied by (a). 
The example in the introduction, n = 4, suggests to take the dihedral group as basis of
a latin square. Let
Dˆn = 〈a, b : a2 = b2m = e, bab = a〉
be the dihedral group of order n = 4m. A representation of this group as a regular subgroup
of Sn is obtained by
a → α = (1, 2)(3, 4) . . . (n − 1, n),
b → β = (1, 3, 5, . . . , n − 1)(2, n, n − 2, . . . , 4)
with the usual cycle notation of permutations. Thus α(i) = i + (−1)i+1 and β(i) =
i + 2(−1)i+1 for i ∈ N = {1, . . . , n}. Then Dn = 〈α, β〉 = {π1, . . . , πn} (keeping our
convention that πi (1) = i) with
πi =
{
β
i−1
2 for i odd
αβ
i
2−1 for i even.
A simple computation (using βα = αβ−1) shows that
πiπ j = π j+(−1) j+1(i−1).
We are going to show that for suitable permutations σ ∈ Sn the latin square Aσ =
(πσ(i)( j)) is ∆-complete. Let π0 be the n-cycle (1, 2, . . . , n) ∈ Sn . It is easily seen
that Aσ is ∆r -complete if and only if Aσ is orthogonal to Bσ = (πσ(i+1)π0( j)), where
σ(n + 1) = σ(1). If for i, j ∈ N we put
τ (i, j ) = πσ( j )(πσ( j+1)π0)−1(πσ(i+1)π0)π−1σ(i)
= πσ( j )π−10 π−1σ( j+1)π0(πσ(i)π−10 π−1σ(i+1)π0)−1,
then it follows from the discussion in the first three paragraphs of Mann [5] that Aσ is
orthogonal to Bσ if and only if for all i, j, i 
= j the permutation τ (i, j ) has no fixed point.
This condition can be considerably simplified, because Dn satifies π−10 Dnπ0 = Dn , which
follows immediately from
π−10 απ0 = αβ−1, π−10 βπ0 = β−1 and thus π−10 π−1i π0 = π(i)
with (i) = (−1)i+1(i − 1)+ 1. Hence the condition on τ (i, j ) reduces to the condition
{πσ(i)π−10 π−1σ(i+1)π0 : 1 ≤ i ≤ n} = {πi : 1 ≤ i ≤ n}.
O. Krafft et al. / European Journal of Combinatorics 24 (2003) 229–237 233
Observing that (i) has the same parity as i we get πσ(i)π−10 π
−1
σ(i+1)π0 = π(i) with
(i) = (−1)σ(i+1)+1(σ (i + 1)+ σ(i)− 2)+ 1, 1 ≤ i ≤ n
and hence Aσ is∆r -complete if and only if  is a permutation. Replacing π−10 π
−1
σ(i+1)π0 by
π0π
−1
σ(i+1)π
−1
0 , the same arguments go through with the result that, if Aσ is ∆r -complete,
then it is also ∆-complete.
It is by no means easy to find permutations σ such that  is a permutation. It is only
here that we need that n/2 is even—otherwise, by the corollary, such a σ cannot exist. The
problem is comparable to that of finding an R-sequencing of Dˆ2m as it has been given in
[2, pp. 70–71].
Let us now introduce a condition that turns out to be equivalent to  being a permutation.
Define ˆ by
ˆ(i) = (−1)σ(i)(σ (i + 1)+ σ(i)− 2). (1)
Moreover, for σ ∈ Sn and δ,  ∈ {0, 1} let
Iδ, = {i ∈ N : σ(i) ≡ δ mod 2, σ (i + 1) =  mod 2}
and
Tδ, = {ti : i ∈ Iδ,} where ti = σ(i)+ σ(i + 1).
Lemma. If (i) = ( j) or ˆ(i) = ˆ( j) for some i 
= j , then σ(i) ≡ σ( j) mod 2 if and
only if σ(i + 1) ≡ σ( j + 1) mod 2. Consequently,  is a permutation if and only if ˆ is,
which happens if and only if the following two conditions are satisfied for all δ,  ∈ {0, 1}:
(i) |Iδ, | = |Tδ, |,
(ii) ti + t j 
= 4 for all i ∈ Iδ, and j ∈ I1−δ,1−. (2)
Proof. Assume, without loss of generality, that σ(i) ≡ σ( j) and σ(i + 1) 
≡ σ( j + 1).
Then σ(i) + σ(i + 1) − 2 
≡ σ( j) + σ( j + 1) − 2, and thus (i) 
≡ ( j) and
ˆ(i) 
≡ ˆ( j). This proves the first part. Note that the condition “σ(i) ≡ σ( j) if and only if
σ(i + 1) ≡ σ( j + 1)” says that either both i, j belong to Iδ, or i ∈ Iδ, and j ∈ I1−δ,1−
for some δ, .
When (i) = ( j), we have, by the first part, (−1)σ(i) = (−1)σ( j ) if and only if
(−1)σ(i+1) = (−1)σ( j+1). But then ˆ(i) = ˆ( j). The other implication is similar.
Let us now prove that ˆ is a permutation if and only if (i) and (ii) hold. Assume that ˆ
is a permutation. Then (i) clearly holds. When i ∈ Iδ,, j ∈ I1−δ,1− and ti + t j = 4, we
have (−1)σ(i) = −(−1)σ( j ) and ti − 2 = −(t j − 2). Thus ˆ(i) = ˆ( j) and (ii) is proved.
Conversely, assume that (i) and (ii) are satisfied, and that ˆ(i) = ˆ( j) for some i 
= j .
We already know the latter condition implies that i, j ∈ Iδ, or i ∈ Iδ, and j ∈ I1−δ,1− .
Thus, if σ(i) 
≡ σ( j), we have ti − 2 = −(t j − 2), which contradicts (ii). Finally, when
σ(i) ≡ σ( j), then ti = t j , which contradicts (i). 
We now give for the case n = 8q + 4, q ≥ 0, and n = 8q, q ≥ 1, respectively, just one
σ satisfying (2).
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The common feature in the two cases is that the consecutive values of σ(i) are divided
into four groups where each group contains only even or only odd numbers or even and
odd numbers in alternation.
For n = 8q + 4, q ≥ 0, take
σ(i) = 2i − 2, 1 ≤ i ≤ 2q + 2,
σ (2q + 2i + 1) = 4q + 4i + 1, 1 ≤ i ≤ q,
σ (2q + 2i + 2) = 4q + 4i + 2, 1 ≤ i ≤ q,
σ (4q + i + 2) = 2i − 1, 1 ≤ i ≤ 2q + 2,
σ (6q + 2i + 3) = 4q + 4i, 1 ≤ i ≤ q,
σ (6q + 2i + 4) = 4q + 4i + 3, 1 ≤ i ≤ q.
Then σ ∈ Sn
I0,0 = {i : 1 ≤ i ≤ 2q + 1}, I1,1 = {4q + i + 2 : 1 ≤ i ≤ 2q + 1},
I0,1 = {2q + 2i : 1 ≤ i ≤ q + 1} ∪ {6q + 2i + 3 : 1 ≤ i ≤ q},
I1,0 = {2q + 2i + 1 : 1 ≤ i ≤ q} ∪ {6q + 2i + 2 : 1 ≤ i ≤ q + 1}
and
T0,0 = {4i + 2 : 0 ≤ i ≤ 2q}, T1,1 = {4i + 4 : 0 ≤ i ≤ 2q},
T0,1 = {4i + 3 : 0 ≤ i ≤ 2q}, T1,0 = {4i + 3 : 0 ≤ i ≤ 2q}.
This shows that condition (2) is satisfied for σ .
For n = 8q, q ≥ 1, take
σ(2i − 1) = 2i − 2, 1 ≤ i ≤ q + 1,
σ (2i) = 6q + 2i − 2, 1 ≤ i ≤ q,
σ (2q + 2i) = 2q + 2i + 1, 1 ≤ i ≤ q + 1,
σ (2q + 2i + 1) = 2i + 1, 1 ≤ i ≤ q,
σ (4q + 2i + 1) = 4q + 2i − 2, 1 ≤ i ≤ q,
σ (4q + 2i + 2) = 4q + 2i + 3, 1 ≤ i ≤ q,
σ (6q + 2i + 1) = 2q + 2i, 1 ≤ i ≤ q − 1,
σ (6q + 2i + 2) = 6q + 2i + 3, 1 ≤ i ≤ q − 1.
Then σ ∈ Sn ,
I0,0 = {i : 1 ≤ i ≤ 2q}, I1,1 = {2q + i + 1 : 1 ≤ i ≤ 2q},
I0,1 = {2q + 1} ∪ {4q + 2i + 1 : 1 ≤ i ≤ 2q − 1},
I1,0 = {4q + 2i : 1 ≤ i ≤ 2q}
and
T0,0 = {6q + 2i : 0 ≤ i ≤ 2q − 1}, T1,1 = {2q + 2i + 6 : 0 ≤ i ≤ 2q − 1},
T0,1 = {4q + 3} ∪ {4i + 5 : 0 ≤ i ≤ q − 1} ∪ {4i + 7 : 0 ≤ i ≤ q − 2}
= {2i + 5 : 0 ≤ i ≤ 2q − 1},
T1,0 = {4i + 3 : 0 ≤ i ≤ q − 1} ∪ {4i + 5 : 0 ≤ i ≤ q − 2} ∪ {1}
= {2i + 1 : 0 ≤ i ≤ 2q − 1}.
This shows that condition (2) is satisfied for σ .
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3. Some examples of∆-complete latin squares of odd order
As already remarked, no∆- or∆r -complete latin squares of orders n ∈ {3, 5, 7} exist.
For some other orders we got the following results with the help of a computer. What has
been done to reduce the computing time will shortly be explained for the case n = 9,
restricted to latin squares based on a group.
In the case n = 9 there are up to isomorphisms two groups, Z3 × Z3 and Z9. In order
to find all normed (first row is the identity) latin squares based on Z3 × Z3 one does
not have to consider all 133 496 fixed-point-free permutations of S9 as possible second
row but just those 9!/(33 · 3!) of order 3. Better still, since the cyclic group 〈π0〉, where
π0 = (1, 2, . . . , 9), acts on the set of∆r -complete latin squares of order 9 by conjugation,
one just has to consider a complete set of representatives of the orbits of 〈π0〉 on these
permutations, of which there are just 256. Having chosen π(2) in this set as the second row
of A, only those fixed-point-free permutations π of order 3 qualify for further rows which
commute with π(2) and have the property that π−1π(2) is fixed-point-free. This together
with the ∆r -completeness condition drastically cuts down the number of possibilities. A
backtrack program implemented in GAP [3] takes about 10 s (on a Pentium III, 1 GHz) to
find that∆r -complete latin squares based on Z3 × Z3 do not exist.
The case Z9 takes a few minutes, because fixed-point-free permutations of order 3 and
of order 9 have to be considered. There are 4748 orbits of 〈π0〉 on such elements. But
having chosen a representative π(2) the conditions for further permutations π are even
stronger than in the Z3 × Z3-case, since 〈π(2), π〉 is cyclic. Thus the search tree still has
a manageable breadth. In this way all ∆r -complete latin squares based on Z9 have been
calculated. In contrast to the case n ∈ {25, 49, 81}mentioned below, it turned out that none
of them is also ∆-complete.
Example 1 (Latin Squares Based on Zn , n = q2, q odd). In this case let π : j → (q +1)
j + 1 − q mod n where the mod-n-residual has to be taken in N = {1, . . . , n}. Then
Zn = 〈π〉 = {π1, . . . , πn} is a regular subgroup of Sn , keeping our convention that
πi (1) = i , thus for instance π = π2. For q ∈ {3, 5, 7, 9} we found suitable permutations
σ ∈ Sn such that Aσ = (πσ(i)( j)) is ∆r -complete:
(a) For q = 3 and σ with (σ (1), . . . , σ (n)) = (1, 2, 4, 7, 9, 3, 5, 8, 6), for instance, the
latin square
Aσ =


1 2 3 4 5 6 7 8 9
2 6 1 5 9 4 8 3 7
4 5 6 7 8 9 1 2 3
7 8 9 1 2 3 4 5 6
9 7 5 3 1 8 6 4 2
3 1 8 6 4 2 9 7 5
5 9 4 8 3 7 2 6 1
8 3 7 2 6 1 5 9 4
6 4 2 9 7 5 3 1 8


is∆r -complete. As mentioned above no∆-complete latin square based on Z9 exists.
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(b) For q = 5 the permutation σ with
(σ (1), . . . , σ (n)) = (1, 6, 2, 7, 8, 13, 19, 24, 10, 15, 12, 11, 18, 16, 20, 4,
17, 9, 23, 25, 3, 22, 5, 21, 14)
yields a∆-complete latin square (πσ(i)( j)).
(c) For q = 7 the permutation σ with
(σ (1), . . . , σ (n)) = (1, 8, 2, 9, 10, 17, 25, 32, 47, 5, 27, 34, 14, 21, 16,
15, 24, 12, 39, 41, 22, 28, 31, 23, 46, 35, 19, 29, 48,
38, 6, 4, 30, 26, 37, 42, 11, 45, 36, 33, 49, 13, 44,
20, 40, 3, 7, 43, 18)
yields a∆-complete latin square (πσ(i)( j)).
(d) For q = 9 the permutation σ with
(σ (1), . . . , σ (n)) = (1, 10, 2, 11, 12, 21, 31, 40, 59, 68, 15, 24, 61, 70,
35, 44, 18, 27, 20, 19, 30, 77, 49, 33, 53, 79, 36, 39,
28, 58, 29, 5, 7, 42, 45, 62, 37, 14, 38, 67, 48, 51,
46, 16, 47, 71, 57, 54, 76, 25, 23, 80, 60, 56, 69, 4,
55, 63, 32, 66, 8, 65, 72, 34, 75, 43, 13, 81, 64, 78,
41, 73, 17, 22, 26, 50, 9, 6, 3, 74, 52)
yields a∆-complete latin square (πσ(i)( j)).
Example 2 (A∆-complete Latin Square Based on Z27). Let, as in Example 1, π : j →
(q + 1) j + 1 − q mod n for q = 3, n = 27, and Z27 = 〈π〉 = {π1, π2, . . . , π27}. For
σ ∈ Sn with
(σ (1), . . . , σ (27)) = (1, 2, 4, 7, 3, 6, 9, 12, 11, 5, 26, 20, 15, 13, 23, 16,
19, 22, 27, 8, 21, 10, 24, 14, 18, 25, 17)
one gets a ∆-complete latin square of order n = 27.
Example 3 (The NonAbelian Group of Order 21). This group has been used by Mendel-
sohn [6] to show that complete latin squares of odd order exist. It turns out that there also
exist ∆-complete latin squares based on this group. An essential step to compute such ex-
amples is to find a representation of this group as a subgroup G21 of S21 such that, similarly
to the dihedral group we dealt with in Section 2, π−10 G21π0 = G21. If the group is given
by Gˆ21 = 〈a, b : a3 = b7 = e, ba = ab2〉, N = {1, 2, . . . , 21} and g is the mapping
g : Gˆ21 → N , aµbν → 3(ν + µ(1− µ))+µ+ 1, 0 ≤ µ ≤ 2, 0 ≤ ν ≤ 6, then one easily
gets that for i = g(aµ1bν1), j = g(aµ2bν2)
g(aµ1bν1aµ2bν2) = ai j
where
ai j =


4(i − 1)+ j, if j ≡ 0 mod 3,
i − 1 + j, if j ≡ 1 mod 3,
16(i − 1)+ j, if j ≡ 2 mod 3,
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are the mod-21 residuals in N . A = (ai j ) then is a latin square. By similar reductions as
described for Z9 we got that permuting the rows of A for instance with
(σ (1), . . . , σ (n)) = (1, 2, 4, 5, 8, 10, 15, 16, 9, 11, 6, 21, 3, 18, 14, 17, 12,
19, 20, 7, 13),
one obtains a ∆-complete latin square of order n = 21.
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